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1 Introduction
Large language models (LLMs) have exhibited remarkable gains in reasoning performance when
allowed to produce intermediate computation steps before emitting a final answer—a paradigm
known as chain-of-thought (CoT) prompting . Recent empirical studies demonstrate that scaling
test-time compute—that is, allowing the model more tokens of intermediate reasoning—can be
more effective than scaling model parameters . Despite the practical importance of these findings,
a formal understanding of the relationship between test-time compute budget and the complexity
of tasks a transformer can solve has remained incomplete.

Motivating question. Consider a fixed-architecture transformer—constant depth L = O(1),
hidden dimension D, and bounded-precision weights. Without chain-of-thought, this model is lim-
ited to the complexity class TC0 (constant-depth threshold circuits of polynomial size) . Many natu-
ral reasoning tasks—graph reachability, arithmetic on long integers, multi-step logical deduction—
require circuit depth growing with input size and thus lie outside TC0. Chain-of-thought steps
effectively give the transformer additional “rounds” of serial computation. The central question is:
how many CoT steps are necessary and sufficient to solve a task of a given circuit complexity?

Our contributions. We answer this question with a tight, bidirectional characterization:

1. Upper bound (Circuits ⇒ CoT). We show that any Boolean circuit family of size s(n) and
depth d(n) can be simulated by a constant-depth transformer using T = O

(
d(n) log s(n)/logD

)
chain-of-thought steps (Lemma 15).

2. Lower bound (CoT ⇒ Circuits). Conversely, any language decided by such a transformer
with T CoT steps admits circuits of depth d(n) = O(T logD/ log s(n)) and polynomial size,
so at least T = Ω

(
d(n) log s(n)/logD

)
steps are necessary (Lemma 16 and Lemma 17).

3. Tight equivalence. Combining both directions, we obtain a Θ-tight characterization (The-
orem 7): T = Θ

(
d(n) log s(n)/logD

)
, establishing that CoT steps and circuit depth are equivalent

computational resources up to the log s(n)/logD conversion factor.

Significance. Our result provides a formal foundation for test-time compute scaling: it explains
why chain-of-thought helps (it adds serial depth to an otherwise shallow computation), how much is
needed (proportional to circuit depth times a logarithmic compression factor), and what the limits
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are (no amount of CoT can help beyond the circuit-size bottleneck imposed by the hidden dimen-
sion). This tight equivalence connects the rapidly growing empirical literature on inference-time
scaling to classical circuit complexity, offering both explanatory power and concrete predictions.

Paper organization. Section 2 introduces the transformer model, chain-of-thought formalism,
and circuit complexity background. Section 3 states and proves our main theorem via a sequence of
supporting lemmas. Section 4 surveys related work on transformer expressivity and CoT. Section 5
discusses limitations and unverified steps. Section 6 summarizes our findings and outlines directions
for future work.

2 Preliminaries
We introduce the formal objects needed to state and prove our results: constant-depth transformers,
the chain-of-thought mechanism, and Boolean circuit complexity.

2.1 Notation
We write [n] = {1, 2, . . . , n}. For functions f, g : N → N, we use standard asymptotic notation
O(·), Ω(·), Θ(·). All logarithms are base 2 unless otherwise noted. We write poly(n) for nO(1) and
polylog(n) for (log n)O(1).

2.2 Constant-Depth Transformers
Definition 1 (Constant-Depth Transformer). A constant-depth transformer with L layers, hidden
dimension D, H attention heads, and p-bit precision is a sequence-to-sequence function f : (RD)∗ →
(RD)∗ defined as the composition of L transformer blocks. Each block consists of:

1. A multi-head self-attention layer: for input X ∈ Rm×D, head h ∈ [H] computes

Attnh(X) = softmax

(
XWQ

h (XWK
h )⊤√

D/H

)
XWV

h ,

where WQ
h ,W

K
h ,WV

h ∈ RD×(D/H) are weight matrices with entries representable in p bits.
The outputs of all heads are concatenated and projected: MHA(X) = [Attn1(X); . . . ; AttnH(X)]WO+
X, with residual connection.

2. A position-wise feedforward network: FFN(x) = W2 σ(W1x + b1) + b2 + x, where σ is an
activation function (e.g., ReLU or GELU), W1 ∈ RD′×D, W2 ∈ RD×D′, and D′ = Θ(D).

We say the transformer has constant depth when L = O(1) is independent of the input length n.

2.3 Chain-of-Thought (CoT) Computation
Definition 2 (Chain-of-Thought Steps). Let f be a constant-depth transformer. Given an input
sequence x1, . . . ,xn ∈ RD, a chain-of-thought computation with T steps proceeds as follows:

1. Initialize the sequence as s(0) = (x1, . . . ,xn).

2. For t = 1, . . . , T : apply f to the current sequence s(t−1) and append the output token yt ∈ RD

to obtain s(t) = (s(t−1),yt).
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3. The final answer is read from yT (or from a designated subset of the final tokens).

Each CoT step adds one token to the sequence. The CoT budget is T , the total number of
intermediate tokens generated before the answer.

A key observation is that each CoT step is an application of the same constant-depth transformer
f , so T steps compose T sequential applications of a TC0-computable function.

2.4 Boolean Circuit Complexity
Definition 3 (Circuit Families). A Boolean circuit family {Cn}n≥1 is a sequence of circuits, where
Cn takes n input bits. Each circuit is a directed acyclic graph with input nodes, output nodes, and
internal gates from a basis B (e.g., {AND,OR,NOT} with bounded fan-in, or threshold gates with
unbounded fan-in). We denote by s(n) the size (number of gates) and d(n) the depth (length of the
longest input-to-output path) of Cn.

Definition 4 (TC0). The class TC0 consists of all languages decidable by circuit families of constant
depth d = O(1) and polynomial size s(n) = poly(n), where the gates are majority (threshold) gates
with unbounded fan-in.

The connection between transformers and TC0 is well established: a single forward pass of
a constant-depth, polynomial-dimension transformer with logarithmic precision computes exactly
those functions in TC0 . This correspondence is the starting point for our analysis.

Definition 5 (Circuit Complexity Classes SIZE and DEPTH). For functions s, d : N → N, we
define:

• SIZE(s(n)): the class of languages decidable by circuit families of size at most s(n).

• DEPTH(d(n)): the class of languages decidable by circuit families of depth at most d(n) (with
polynomial size).

2.5 Key Assumptions
We work in the following regime throughout the paper:

Assumption 6 (Parameter Regime). The transformer has L = O(1) layers, hidden dimension D
(which may grow with n), and p = O(log s(n))-bit precision weights. The circuit families under
consideration have size s(n) = DO(1) (i.e., the circuit size is polynomial in the hidden dimension).

The precision assumption p = O(log s(n)) is standard in the transformer–circuit correspondence
literature . The regime s(n) = DO(1) ensures that the transformer’s hidden dimension is large
enough to represent the circuit’s intermediate state, but not so large as to trivialize the problem
(where a single forward pass could encode the entire computation).

3 Main Results
We now state our main theorem and develop the lemmas needed to prove it.
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3.1 Main Theorem
Theorem 7 (Tight Circuit-Depth/CoT-Steps Equivalence for Constant-Depth Transformers). Let
L be a fixed positive integer (number of layers), D the hidden dimension, and consider a constant-
depth transformer with L layers and hidden dimension D operating on inputs of length n. Let
{Cn}n≥1 be a family of Boolean circuits over {0, 1}n with size s(n) and depth d(n), where s(n) =

DO(1). Then the minimum number of chain-of-thought steps T required for the transformer to
simulate the circuit family {Cn} satisfies

T = Θ

(
d(n) log s(n)

logD

)
.

Specifically:

1. (Upper bound: Circuits ⇒ CoT) For any circuit family of size s(n) and depth d(n),
there exists a constant-depth transformer with L = O(1) layers and hidden dimension D that
simulates the circuit using T = O

(
d(n) log s(n)/logD

)
chain-of-thought steps.

2. (Lower bound: CoT ⇒ Circuits) Any constant-depth transformer with L layers and
hidden dimension D that computes a function requiring circuits of size s(n) and depth d(n)
must use at least T = Ω

(
d(n) log s(n)/logD

)
chain-of-thought steps, provided s(n) = DO(1).

Informally, the theorem states that for any language L decidable by a Boolean circuit family
{Cn} of size s(n) and depth d(n), a constant-depth transformer with hidden dimension D and T
chain-of-thought steps can decide L on inputs of length n if and only if T = Θ

(
d(n)·log s(n)/logD

)
.

Conversely, for any T -step CoT transformer of width D, the class of decidable languages is contained
in SIZE

(
poly(D) · T

)
∩DEPTH

(
O(T logD)

)
.

Remark 8. The conversion factor log s(n)/logD captures a bandwidth bottleneck: each CoT token
is a D-dimensional vector with O(log s(n))-bit precision entries, carrying O(D log s(n)) bits. When
s(n) = DO(1), this simplifies: log s(n) = O(logD), and the bound becomes T = Θ(d(n))—each CoT
step eliminates a constant number of circuit layers. When s(n) ≫ D, more CoT steps are needed
per circuit layer because the intermediate state cannot fit in a single token.

3.2 Supporting Lemmas
We develop the proof through a sequence of lemmas. The first two are standard results from circuit
complexity; the remainder establish the transformer–circuit connection.

Lemma 9 (Circuit Layered Decomposition). Any circuit family of size s(n) and depth d(n) (over
a complete basis with bounded fan-in or threshold gates) can be decomposed into ⌈d(n)/c⌉ layers of
sub-circuits, each of depth at most c (a constant) and size at most s(n), such that the output of
each layer feeds into the next. Moreover, the intermediate state between layers can be encoded in
O(s(n)) bits, i.e., in O(s(n)/ logD) tokens of a D-dimensional representation.

Proof. Refer to . Any circuit family of size s(n) and depth d(n) (over a complete basis with
bounded fan-in or threshold gates) can be decomposed into ⌈d(n)/c⌉ layers of sub-circuits, each of
depth at most c (a constant) and size at most s(n), such that the output of each layer feeds into
the next. Moreover, the intermediate state between layers can be encoded in O(s(n)) bits, i.e., in
O(s(n)/ logD) tokens of a D-dimensional representation.
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Lemma 10 (Iterated TC0 to Circuit Depth). If a computation consists of T sequential steps,
each realizable by a threshold circuit of depth c (constant) and size poly(s(n)), then the overall
computation is realizable by a circuit family of depth O(c ·T ) and size poly(s(n)) ·T . In particular,
T CoT steps compose to depth O(T ) and polynomial size in s(n).

Proof. Refer to . If a computation consists of T sequential steps, each realizable by a threshold
circuit of depth c (constant) and size poly(s(n)), then the overall computation is realizable by a
circuit family of depth O(c · T ) and size poly(s(n)) · T . In particular, T CoT steps compose to
depth O(T ) and polynomial size in s(n).

Lemma 11 (TC0 in Constant-Depth Transformer). For every language L ∈ TC0 (recognized by
threshold circuit families of polynomial size s(n) = nO(1) and constant depth d), there exists a
constant-depth transformer (with O(d) layers, poly(n) hidden dimension, and standard softmax
attention + feedforward blocks) that decides L without any chain-of-thought steps (T = 0).

Proof. Setup. Let L ∈ TC0. Then there exists a family of threshold circuits {Cn}n≥1 with:
Depth d = O(1) (constant),
Size s(n) = nO(1) (polynomial),
Each gate is either an input literal, a NOT gate, or a threshold gate of the form 1

[∑
j wjzj ≥ θ

]
where zj ∈ {0, 1} are the gate inputs and wj , θ are integer weights.

By Lemma 9, we may assume without loss of generality that Cn is layered: the gates are
organized into layers 0, 1, . . . , d, where layer 0 consists of the n input bits (and their negations),
each gate in layer ℓ receives inputs only from layer ℓ − 1, and the output gate is in layer d. The
total number of gates per layer is at most s(n) = nO(1).

Transformer model. We work with a standard transformer architecture operating on a sequence
of n token positions. At each position i ∈ [n], the transformer maintains a hidden state vector
h
(ℓ)
i ∈ RD after the ℓ-th transformer layer, where D = poly(n) is the hidden dimension. Each

transformer layer consists of:
A multi-head softmax attention sublayer (with residual connection),
A feedforward sublayer (with residual connection).
We set T = 0 (no chain-of-thought): the transformer processes the input in a single pass of

O(d) layers and reads off the answer.
Step 1: Input encoding. The input x = (x1, . . . , xn) ∈ {0, 1}n is encoded into initial hidden

states. At position i, we set:
h
(0)
i = ei ⊕ xi ⊕ x̄i ⊕ pi,

where ei is a one-hot positional indicator, xi and x̄i = 1−xi are the input bit and its negation, and
pi encodes positional information. The key property is that the values of all input literals (layer 0
of the circuit) are available distributed across the n positions.

We allocate coordinates in the hidden dimension D to represent circuit gates. Since there are at
most s(n) = nO(1) gates total and n positions, we can encode all gate values by distributing them:
we assign each gate g in the circuit to a specific position pos(g) ∈ [n] and a specific coordinate
coord(g) ∈ [D]. With D = ⌈s(n)/n⌉+O(n) = poly(n), this is feasible.

Alternatively, and more cleanly, we use the following encoding: every position i maintains a
copy of all gate values for the current layer. This requires D ≥ s(n) = poly(n), which is allowed.
Under this encoding, after simulating layer ℓ of the circuit, every position i stores in its hidden
state vector h

(ℓ)
i the values of all gates in layer ℓ.

Step 2: Simulating one circuit layer with one transformer layer. We show that a single trans-
former layer can simulate one layer of the threshold circuit. Suppose that after transformer layer
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ℓ − 1, every position stores the values of all layer-(ℓ − 1) circuit gates. We need to compute the
values of all layer-ℓ gates.

Consider a threshold gate g in layer ℓ that computes:

g = 1

 m∑
j=1

wjzj ≥ θ

 ,

where z1, . . . , zm are gates in layer ℓ− 1.
Since every position already holds the values of z1, . . . , zm (by our encoding convention), the

weighted sum
∑

j wjzj can be computed locally at each position by a feedforward network applied
coordinate-wise. Specifically, a feedforward network of the form:

FFN(h) = σhard(W2 · ReLU(W1h+ b1) + b2)

can compute arbitrary threshold functions of its input coordinates. The weighted sum
∑

j wjzj is
a linear function of the coordinates of h that store z1, . . . , zm, and comparing to a threshold θ can
be implemented by a ReLU unit followed by a sign extraction.

More precisely, for each gate g in layer ℓ, we allocate one output coordinate in the feedforward
network. The first linear map W1 extracts the relevant inputs zj and computes the weighted sum.
The ReLU and second linear map implement the threshold comparison. Since there are at most
s(n) gates and the weights are polynomial in n (which can be hardcoded into W1,W2), this is
achievable with poly(n) hidden dimension in the feedforward block.

Remark on the ”broadcast” issue. One might worry: what if gate g’s inputs zj are stored only
at other positions, not at position i? This is precisely why we adopted the convention that every
position stores all gate values. But this convention must itself be established. At the input layer,
position i only knows xi. We handle this via the attention sublayer:

In the very first transformer layer, the attention mechanism broadcasts all input bits to all
positions. A single attention head with uniform attention weights αij = 1/n (achievable via softmax
with zero query-key scores) computes:

Attn(hi) =
1

n

n∑
j=1

Vh
(0)
j .

By choosing V to extract the input-bit coordinate and using n separate attention heads (or a
single head with D-dimensional values), we can place all n input bits and their negations into
every position’s hidden state. Rescaling by n (which can be absorbed into the value matrix and
subsequent feedforward layer) recovers the exact bit values.

After this broadcast, the feedforward network at each position has access to all layer-0 gate
values and can compute all layer-1 gate values locally.

For subsequent layers ℓ ≥ 2, the gate values from layer ℓ−1 are already present at every position
(by induction), so no attention is needed — the feedforward sublayer alone suffices. (The attention
sublayer can be set to the identity via the residual connection with zero attention output.)

Step 3: Composition across layers. We use d+ 1 transformer layers total:
Layer 1. Attention broadcasts all input bits to all positions; feedforward computes all layer-1

circuit gates.
Layers 2, . . . , d. Feedforward computes layer-ℓ circuit gates from layer-(ℓ− 1) values (attention

is identity).
Readout. A final linear map extracts the output gate’s value from any position.
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This gives a transformer with d+ 1 = O(d) = O(1) layers, hidden dimension D = poly(n), and
T = 0 chain-of-thought steps.

Step 4: Handling precision and exact threshold computation. We must verify that the threshold
function 1[

∑
j wjzj ≥ θ] can be computed exactly (not just approximately) by the feedforward

network. Since the inputs zj ∈ {0, 1} and the weights wj , θ are integers bounded by poly(n), the
sum S =

∑
j wjzj is an integer. The threshold condition S ≥ θ is equivalent to S − θ + 1/2 > 0

(since S − θ is an integer). Using:

1[S ≥ θ] = clip(ReLU(S − θ + 1/2), 0, 1) ,

which can be implemented as:

1[S ≥ θ] = ReLU(S − θ + 1/2)− ReLU(S − θ − 1/2),

this is exactly computable by a two-layer ReLU feedforward network with appropriate weights. The
half-integer offset ensures exact computation without numerical ambiguity.

Step 5: Handling softmax precision. The uniform attention weights αij = 1/n are exactly
achievable by setting all query-key dot products to zero, yielding softmax(0, . . . , 0) = (1/n, . . . , 1/n).
The broadcast then computes 1

n

∑
j Vhj . To recover the exact bit values after averaging, the

value matrix V is set to n · Irelevant coordinates, so the output of attention at each position is∑
j(relevant bits of hj), which places all n input bits into each position’s state.
Conclusion. We have constructed a constant-depth transformer (with O(d) layers, poly(n) hid-

den dimension, standard softmax attention and ReLU feedforward blocks, and residual connections)
that decides L with T = 0 chain-of-thought steps. Since d = O(1), the transformer has O(1) layers.

■
| Circuit Layer | Transformer Component | Mechanism | |—|—|—| | Layer 0 (inputs) | Input

embedding | Encode xi, x̄i at position i | | Broadcast | Attention in Layer 1 | Uniform attention
copies all bits to all positions | | Layers 1, . . . , d (threshold gates) | Feedforward in Layers 1, . . . , d
| Weighted sums + ReLU threshold | | Output | Linear readout | Extract output gate value |

[Unverified step — see discussion in Section 5]

Lemma 12 (Constant-Depth Transformer in TC0). For any constant-depth transformer with L
layers, hidden dimension D = poly(n), poly(n)-precision weights, and no chain-of-thought (T = 0),
the language decided on inputs of length n is in TC0.

Proof. Setup. Let T be a constant-depth transformer with:
L = O(1) layers,
hidden dimension D = nO(1),
weight precision p = O(logO(1) n) bits (i.e., poly(n)-precision means weights are rational num-

bers representable with O(logO(1) n) bits; we note that ”poly(n)-precision” in some formulations
means precision p(n) = nO(1) bits, which is even more generous),

input length n,
no chain-of-thought, i.e., T = 0 (the transformer produces its output in a single forward pass).
We must show that the language L = {x ∈ {0, 1}∗ : T accepts x} is in TC0, meaning it is

decided by a family of threshold circuits of constant depth and polynomial size.
Precision model. All intermediate values during the forward pass are rational numbers repre-

sentable with poly(n) bits. This is because:
The input embeddings are determined by poly(n)-precision weights.
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Each arithmetic operation (addition, multiplication) on poly(n)-bit numbers yields a result
representable in poly(n) bits.

There are at most poly(n) such operations per layer (since D = poly(n) and the sequence length
is n).

We will show each transformer layer can be implemented by a threshold circuit of constant
depth and poly(n) size. The proof proceeds by analyzing each component.

We use the following well-known results from circuit complexity:
(a) Addition of two b-bit integers can be computed by a threshold circuit of depth O(1) and

size O(b). (This follows from the fact that the carry-lookahead addition can be computed with a
single layer of majority/threshold gates.)

(b) Multiplication of two b-bit integers can be computed by a threshold circuit of depth O(1)
and size poly(b). (Multiplication reduces to summing b partial products, and iterated addition of
polynomially many poly(b)-bit numbers is in TC0 by the classical result of Chandra, Stockmeyer,
and Vishkin, and Hesse, Allender, and Barrington on TC0 arithmetic.)

(c) Division (to b bits of precision) is in TC0 with poly(b) size. (This is the Hesse-Allender-
Barrington result: integer division is in uniform TC0.)

(d) Comparison of two b-bit numbers is in TC0 (even in AC0).
Since all intermediate values use b = poly(n) bits, each arithmetic operation is computed by a

constant-depth, poly(n)-size threshold circuit.
The input embedding maps each token xi (from a finite alphabet) to a D-dimensional vector via

a lookup table, and adds a positional encoding. Since the alphabet is finite, each token embedding
is a fixed poly(n)-precision vector selected by the input bits. This selection is a simple multiplexing
operation, computable in AC0 ⊆ TC0. Positional encodings for position i ∈ [n] are fixed constants
that can be hardwired. The addition of token and positional embeddings is an addition of poly(n)-
bit numbers, which is in TC0 by Step 1(a).

Conclusion: The embedding layer is computable by a constant-depth, poly(n)-size threshold
circuit.

A single attention head with query/key/value matrices WQ,WK ,WV ∈ RD×dk operates on an
input matrix X ∈ Rn×D as follows:

Attn(X) = softmax
(
XWQ(XWK)⊤√

dk

)
XWV .

We decompose this into sub-operations:
(3a) Linear projections: Computing Q = XWQ, K = XWK , V = XWV requires matrix

multiplications. Each entry of, say, Q is a dot product of a row of X (dimension D) with a column
of WQ: a sum of D = poly(n) products of poly(n)-bit numbers. Each product is in TC0 (Step
1(b)), and the sum of poly(n) such products is in TC0 (iterated addition of polynomially many
polynomial-bit numbers). The total number of entries is n · dk = poly(n), so all entries can be
computed in parallel. This is a constant-depth, poly(n)-size threshold circuit.

(3b) Attention scores: The matrix S = QK⊤/
√
dk has entries Sij =

∑
ℓQiℓKjℓ/

√
dk. Each

entry is a dot product (as in 3a) followed by division by a fixed constant
√
dk, which can be

absorbed into the weights. So this is in TC0.
(3c) Softmax (exponentiation and normalization): For each row i, we must compute:

softmax(Si)j =
exp(Sij)∑n
k=1 exp(Sik)

.

We need exp(·) to poly(n)-bit precision. Since all scores Sij are bounded (they are computed
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from poly(n)-precision quantities with bounded weights), say |Sij | ≤ M where M = poly(n), we
can compute exp(Sij) to poly(n) bits of precision as follows:

Use the Taylor series truncated at poly(n) terms (which suffices for poly(n)-bit precision on a
bounded domain), or equivalently, use repeated squaring and multiplication.

Each term involves multiplication and addition of poly(n)-bit numbers, each in TC0.
The sum of poly(n) terms is in TC0 (iterated addition).
Alternatively, and more cleanly: approximating exp to b-bit precision on a polynomially bounded

domain requires O(b) multiplications and additions, all of poly(n)-bit operands. Since iterated mul-
tiplication of poly(n) numbers of poly(n) bits (via a balanced binary tree of multiplications, each
level in TC0, with O(log n) levels) can be done in TC0 of constant depth—this is because TC0 can
perform iterated multiplication of polynomially many polynomial-bit numbers (a consequence of
the fact that multiplication is in TC0 and TC0 is closed under poly-size O(1)-depth composition,
and iterated multiplication can be reduced to iterated addition of logarithms and exponentiation,
both in TC0; more directly, Hesse (2001) showed iterated multiplication is in TC0).

Then the normalization
∑

k exp(Sik) is an addition of n numbers (in TC0), and the division
exp(Sij)/

∑
k exp(Sik) is in TC0 by Step 1(c).

There are n rows, each processed identically in parallel, so the full softmax is in TC0.
(3d) Weighted sum: The output softmax(S) · V is a matrix multiplication of n× n and n× dk

matrices. Each entry is a dot product of length n, computable in TC0 as before.
(3e) Multi-head attention: With H = O(1) or H = poly(n) heads, each head is computed in

parallel (each in TC0), and the results are concatenated and linearly projected (one more matrix
multiplication, in TC0).

Conclusion: The entire self-attention sublayer is computable by a constant-depth, poly(n)-size
threshold circuit.

A feed-forward sublayer applies:

FFN(x) = W2 σ(W1x+ b1) + b2,

where σ is an activation function (e.g., ReLU or GELU), applied coordinate-wise.
The affine maps W1x+ b1 and W2(·) + b2 are matrix-vector products and additions, in TC0 by

Steps 1(a)–(b).
ReLU: ReLU(z) = max(0, z). This is a comparison (check sign of z, in TC0) followed by a

conditional selection (in AC0).
GELU or other smooth activations: Can be approximated to poly(n) precision using piecewise

polynomial approximation or Taylor expansion, which involves poly(n) arithmetic operations on
poly(n)-bit numbers, all in TC0.

Since the FFN is applied independently to each of the n positions (with shared weights), all n
applications run in parallel.

Conclusion: The feed-forward sublayer is in TC0.
Layer normalization computes, for each position i:

LN(xi) =
xi − µi√
σ2
i + ϵ

· γ + β,

where µi =
1
D

∑
j(xi)j and σ2

i = 1
D

∑
j((xi)j − µi)

2.
The mean µi is a sum of D numbers divided by D: in TC0.
The variance involves subtraction, squaring (multiplication), summing, and division: all in TC0.
The square root to poly(n) precision is in TC0 (it can be computed via Newton’s method with

O(log n) iterations of division and multiplication, or more directly, since TC0 can compute division
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and iterated multiplication, square root to polynomial precision is in TC0; see Hesse-Allender-
Barrington).

The final scaling and shifting are multiplication and addition, in TC0.
Conclusion: Layer normalization is in TC0.
Residual connections add the sublayer input to the sublayer output: x+ Sublayer(x). This is a

single addition of poly(n)-bit vectors, in TC0.
The final classification is typically a linear projection of the representation at a designated

position (e.g., the [CLS] token) followed by a comparison or argmax. Both the linear projection
and the comparison are in TC0.

Each of the L transformer layers consists of:
Self-attention sublayer (with residual connection and layer norm),
Feed-forward sublayer (with residual connection and layer norm).
Each such component is a TC0 circuit of constant depth c and poly(n) size. A single transformer

layer is the sequential composition of these components, yielding a threshold circuit of depth O(c)
(still constant) and poly(n) size.

The full transformer is the sequential composition of L = O(1) layers, plus the embedding and
output layers. The total depth is:

O(1)︸︷︷︸
embedding

+L · O(1)︸︷︷︸
per layer

+ O(1)︸︷︷︸
output

= O(1),

and the total size is L · poly(n) = poly(n).
Since constant-depth, polynomial-size threshold circuits define exactly the class TC0, we con-

clude:

L ∈ TC0.

For the uniform version of TC0 (DLOGTIME-uniform), one additionally needs that the circuit
family can be constructed uniformly. Since the transformer architecture is fixed (constant L, and
the wiring pattern depends only on n in a simple way), this condition is satisfied.

[Unverified step — see discussion in Section 5]

Lemma 13 (Single CoT Step Simulates TC0 Block). One chain-of-thought step of a constant-depth
transformer with hidden dimension D and L layers can simulate any TC0 circuit of size poly(D)
and constant depth O(L) applied to the current sequence of tokens. In particular, in a single CoT
step the transformer can compute any function computable by a threshold circuit of depth O(L) and
size poly(D) over the D-dimensional token representations.

Proof. Part 1 (Upper bound): A single CoT step computes a function in TC0 of size poly(D,n)
and depth O(L).

By Lemma 12, a constant-depth transformer with L layers, hidden dimension D = poly(n), and
poly(n)-precision weights computes a function that can be represented by a TC0 circuit family of
size poly(n) and depth O(L).

In our setting, the input to the forward pass is the token sequence of length n with D-dimensional
representations. The total input size is N = nD bits (assuming poly(D)-precision representations).
Applying Lemma 12 with input size N , the single forward pass can be expressed as a threshold
circuit of:

Depth. O(L) (constant, since L is constant),
Size. poly(N) = poly(n,D).
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Since the CoT step operates on a context where n ≤ poly(D) in typical usage (or more precisely,
n is at most the context window length, which is polynomial in D), the circuit size is poly(D).

Thus, any function computed by a single CoT step is computable by a TC0 circuit of size
poly(D) and depth O(L).

Part 2 (Lower bound / simulation): Any TC0 circuit of size poly(D) and depth O(L) applied
to the current token sequence can be computed by a single CoT step.

Let C be an arbitrary threshold circuit of size s = poly(D) and depth d = O(L) that takes as
input the current token sequence (h1, . . . ,hn) (encoded as N = nD bits with appropriate precision)
and produces an output in {0, 1}D (a new token representation).

By Lemma 11, for every language (or function) recognized by TC0 circuit families of polynomial
size s(N) = NO(1) and constant depth, there exists a constant-depth transformer that simulates
these circuits. Specifically, the theorem guarantees the existence of a transformer with:

A constant number of layers L′ = O(d) = O(L) (since the circuit depth d = O(L) is constant),
Hidden dimension D′ = poly(N) = poly(n,D),
poly(N)-precision weights,
such that one forward pass of this transformer computes the same function as C.
Now, the key observation for the CoT setting is that during a single CoT step, the transformer

performs exactly one forward pass over the entire current context (h1, . . . ,hn). The transformer
T used for the CoT step has L layers and hidden dimension D. By Lemma 11, we can choose the
weights of T so that this single forward pass implements the circuit C, provided:

The depth d of C satisfies d = O(L): Each layer of the transformer (attention + feedforward)
can simulate O(1) layers of threshold gates. Since T has L layers, it can simulate threshold circuits
of depth O(L).

The size s of C satisfies s = poly(D): The transformer’s capacity per layer is governed by
its hidden dimension D and the number of attention heads (bounded by D). The feedforward
sublayers can implement poly(D) threshold operations per layer (as each neuron with ReLU or
similar activation can simulate a threshold gate, and there are D neurons per layer across L layers,
giving O(LD) = O(D) total neurons, which suffices for poly(D) gates when D is appropriately
chosen). More precisely, Lemma 11 ensures that a TC0 circuit of size poly(D) can be embedded
into a transformer of hidden dimension D′ = poly(D). If we allow D to absorb this polynomial
(i.e., the hidden dimension is chosen large enough), then the circuit C of size poly(D) is simulable.

The transformer has access to the full context: In a CoT step, the attention mechanism can
attend to all positions 1, . . . , n, so the transformer’s input is the entire sequence of token rep-
resentations including all previously generated CoT tokens. Thus C receives the full context as
input.

Therefore, by choosing the transformer weights appropriately (as guaranteed by Lemma 11), a
single CoT step — one forward pass of the L-layer, D-dimensional transformer over the full current
context — computes exactly the function specified by the threshold circuit C.

Combining Parts 1 and 2, we conclude:

A single CoT step of T computes a function f ⇐⇒ f is computable by a TC0 circuit of size poly(D) and depth O(L).

In particular, each CoT step adds exactly one TC0-computation’s worth of power, applied to
the full context including all previous CoT tokens. ■

Remark on the ”in particular” clause. The statement that ”the transformer can compute
any function computable by a threshold circuit of depth O(L) and size poly(D) over the D-
dimensional token representations” follows directly from Part 2: since the token representations are
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D-dimensional vectors and the transformer processes them in one forward pass with full attention
over the context, any threshold circuit of the stated parameters applied to these representations is
realizable by an appropriate choice of transformer weights.

[Unverified step — see discussion in Section 5]

Lemma 14 (CoT Trace to Circuit (Single Step)). For a constant-depth transformer with L layers,
hidden dimension D, and p-bit precision weights, the function mapping the current token sequence
(of length n+ t after t CoT steps) to the next CoT token can be computed by a (uniform) threshold
circuit of depth O(L) and size poly(D,n+ t, 2p). In particular, if p = O(log s(n)) and D = poly(n),
the circuit has size poly(s(n), n).

Proof. The idea is straightforward: a single CoT step of a constant-depth transformer is simply
one forward pass of the transformer applied to the current token sequence. By the already-proven
lemma Lemma 12, such a forward pass can be realized by a TC0 circuit. We need to carefully track
the parameters (input length, circuit depth, and circuit size) to obtain the stated bounds.

Setup. Consider a constant-depth transformer T with L layers (a constant), hidden dimension
D, and weights specified at p-bit precision. After t chain-of-thought steps, the current token
sequence has length N := n + t. A single CoT step consists of one forward pass of T on this
length-N sequence, producing the next token.

Step 1: Encoding the input.
The input to the forward pass is the token sequence (w1, w2, . . . , wN ) of length N = n+ t. Each

token is drawn from a finite vocabulary and can be encoded in O(log |Vocab|) bits. The total input
length (in bits) is O(N · log |Vocab|), which is O(N ·D) once we account for the positional encoding
and embedding into RD at p-bit precision. Specifically, the bit-level input representation has size
Θ(N ·D · p).

Step 2: Applying Lemma ??
By the lemma Lemma 12, for any constant-depth transformer with L layers, hidden dimension

D, and p-bit precision weights, operating on an input sequence of length N , the function computed
by the transformer (mapping the input token sequence to the output logits/next-token prediction)
can be implemented by a (uniform) threshold circuit family of:

Depth: O(L), which is O(1) since L is a constant.
Size: poly(D,N, 2p), since each layer involves:
Attention computations: computing N2 dot products of D-dimensional vectors at p-bit preci-

sion, each computable by a threshold circuit of size poly(D, 2p), giving poly(N,D, 2p) per layer.
Softmax and weighted summation: expressible in TC0 (threshold circuits can perform iterated

addition and comparison at polynomial size in the bit-length).
Feed-forward layers: matrix-vector multiplications with poly(D) entries at p-bit precision, each

gate simulating fixed-precision arithmetic.
Across all L = O(1) layers, the total size remains poly(D,N, 2p).
Step 3: Output extraction.
The output of the forward pass is a distribution over the vocabulary (the logits at position

N). Selecting the next CoT token (e.g., via argmax over the logits) is a comparison operation on
|Vocab| values, each of p bits. This is computable by a threshold circuit of depth O(1) and size
poly(|Vocab|, p) ⊆ poly(D, 2p), since |Vocab| ≤ poly(D).

Step 4: Combining the circuits.
Composing the input encoding circuit, the transformer forward-pass circuit from Step 2, and

the output extraction circuit from Step 3, we obtain a single threshold circuit of:
Depth: O(L) +O(1) +O(1) = O(L).
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Size: poly(D,N, 2p) = poly(D,n+ t, 2p).
Step 5: Parameter specialization.
If p = O(log s(n)) and D = poly(n), then:

2p = 2O(log s(n)) = s(n)O(1) = poly(s(n)),

and
D = poly(n).

Substituting into the size bound:

poly(D,n+ t, 2p) = poly(poly(n), n+ t, poly(s(n))) = poly(s(n), n+ t).

Since during a CoT computation the number of steps t is itself bounded by the total computation
length (which is at most poly(s(n), n) in any reasonable use), we obtain circuit size poly(s(n), n) as
stated. More precisely, for any fixed t, the circuit has size poly(s(n), n+ t), and when t = poly(n)
this simplifies to poly(s(n), n).

Conclusion. The function mapping the current token sequence of length n+ t to the next CoT
token can be computed by a uniform threshold circuit of depth O(L) and size poly(D,n + t, 2p).
Under the specialization p = O(log s(n)) and D = poly(n), this gives size poly(s(n), n). ■

[Unverified step — see discussion in Section 5]

Lemma 15 (Upper Bound: Circuit to CoT). If a language L is decided by a (logspace-uniform)
circuit family of size s(n) and depth d(n), then there exists a constant-depth transformer with L =

O(1) layers, hidden dimension D, and precision O(log s(n)) that decides L using T = O
(
d(n)·log s(n)

logD

)
chain-of-thought steps.

Proof. We decompose the circuit into layers, group layers into blocks that each fit within a single
TC0-simulable computation, and then use the proven lemma Lemma 13 to simulate each block in
one chain-of-thought step. The key idea is:

Layered decomposition. Use Lemma 9 to write the circuit as d(n) layers, each of width at most
s(n).

Grouping into TC0 blocks. Each layer consists of at most s(n) bounded-fan-in gates, so a block
of Θ(log s(n)/ logD) consecutive layers (chosen so the combined block has poly(D) gates) can be
computed by a single threshold circuit of polynomial size in D, hence lies in TC0 relative to the
transformer’s working memory.

CoT simulation. Apply Lemma 13 to simulate each block in one CoT step.
Count the steps. The number of blocks is O(d(n) · log s(n)/ logD), giving the claimed bound

on T .
Step 1: Layered decomposition of the circuit.
By Lemma 9, any circuit family of size s(n) and depth d(n) (over a complete basis with bounded

fan-in or threshold gates) can be decomposed into d(n) layers L1,L2, . . . ,Ld(n), where:
Each layer Li contains at most s(n) gates.
Gates in layer Li receive inputs only from the primary inputs and from outputs of gates in

layers L1, . . . ,Li−1.
Each gate has bounded fan-in (say, fan-in at most 2 for a standard Boolean basis, or polynomial

fan-in for threshold gates).
The total state at any layer boundary can be described by at most s(n) bits (one per gate

output).
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Step 2: Encoding the circuit state in the transformer’s working memory.
The transformer has hidden dimension D and precision p = O(log s(n)) bits per coordinate.

The total information capacity of the scratchpad (the CoT token’s embedding) is at least D · p =
D ·O(log s(n)) bits. We require that this suffices to store the full circuit state of s(n) bits, i.e.,

D ·O(log s(n)) ≥ s(n).

This is satisfiable for D = Ω(s(n)/ log s(n)), or more generally, we treat D as a parameter and
note that the transformer can store Θ(D log s(n)) bits of state in its scratchpad.

Step 3: Grouping layers into blocks.
We now group the d(n) layers into consecutive blocks, where each block consists of B consecutive

layers. We choose the block size B so that the computation of one block—given the full circuit
state from the previous block boundary—can be realized as a TC0 circuit of size poly(D).

Consider a block of B consecutive layers. Each layer has at most s(n) gates of bounded fan-in.
The block therefore computes at most B · s(n) gates in sequence. Since each gate has bounded
fan-in and the block has depth B, the entire block computation (mapping the s(n)-bit state at the
start of the block to the s(n)-bit state at the end) can be expressed as a bounded-fan-in circuit of:

Depth: B
Size: at most B · s(n)
For this block circuit to be simulable by one CoT step via Lemma 13, we need the block to be

realizable as a TC0 circuit of size polynomial in D.
A bounded-fan-in Boolean circuit of size S and depth δ can be converted to a threshold circuit

of depth O(1) and size poly(S) when δ = O(logS). More precisely, any fan-in-2 circuit of depth δ
and size S can be simulated by a threshold (TC0) circuit of depth O(1) and size SO(1), provided
δ = O(logS) (since depth-δ fan-in-2 circuits with S gates can be simulated in NC1, and NC1 ⊆
TC0 with polynomial blowup).

Actually, let us be more careful. A block of B consecutive layers forms a circuit of depth B and
size B · s(n). We want this to be convertible to a TC0 circuit of size poly(D) on an input of size
Θ(D log s(n)) bits (the encoded circuit state).

The block circuit has depth B and size B · s(n). For this to yield a TC0 (constant-depth
threshold) circuit of polynomial size in D, it suffices that the block circuit lies in NC1 (since NC1 ⊆
TC0), and NC1 circuits are those of O(logN) depth and polynomial size for input length N . The
input length to the block is s(n) bits. A depth-B bounded-fan-in circuit of size B · s(n) lies in NC1

when:

B = O(log s(n)).

Under this choice, the block has depth O(log s(n)) and size O(s(n) log s(n)) = poly(s(n)), and
hence the block function lies in NC1 ⊆ TC0. Specifically, it can be computed by a threshold circuit
of constant depth and size poly(s(n)).

Now, the transformer processes the circuit state as encoded in Θ(D log s(n)) bits. The decoding
from this representation plus the block computation plus re-encoding yields a TC0 circuit of size
poly(s(n)) = poly(D) (since D = Ω(s(n)/ log s(n)) implies s(n) = O(D log s(n)) = poly(D)).

However, to handle the case where D may be a free parameter (potentially much smaller), we
proceed more carefully. The scratchpad can store D ·p bits where p = O(log s(n)). The transformer
processes tokens of dimension D at precision p. At each CoT step, the transformer can simulate a
TC0 computation of size poly(D) by Lemma 13.

We choose the block size B so that the block computation, viewed as a function on the D-
dimensional scratchpad, is realizable by a TC0 circuit of size poly(D). The block maps D · p input
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bits to D · p output bits. The block computes B layers, each with at most s(n) gates. The total
block circuit has size B · s(n) and depth B.

For this to be in TC0 of size poly(D):
We need B · s(n) = poly(D), and
B = O(log(B · s(n))) = O(log(DO(1))) = O(logD)
So we set:

B = Θ(logD).

Then the block has depth O(logD) and size O(s(n) logD). This is an NC1 circuit on s(n) input
bits (since depth is logarithmic in the input size provided s(n) ≤ poly(D), which is ensured by
the encoding requirement). Thus the block function is in NC1 ⊆ TC0 and can be realized by a
constant-depth threshold circuit of size poly(D).

Remark on the relationship between s(n) and D: For the encoding to work, we need D ·
p ≥ s(n), so D ≥ Ω(s(n)/ log s(n)). This means s(n) = O(D log s(n)), and thus s(n) logD =
O(D log s(n) logD) = poly(D), confirming the size constraint.

Step 4: Applying Lemma ??
By Lemma 13, one chain-of-thought step of a constant-depth transformer with hidden dimension

D and L = O(1) layers can simulate any TC0 computation of size poly(D). Since each block (as
established in Step 3) is computable by such a TC0 circuit, one CoT step suffices to:

Read the current circuit state from the scratchpad,
Compute the next B = Θ(logD) layers of the original circuit,
Write the updated circuit state back to the scratchpad.
Step 5: Counting the total number of CoT steps.
The total number of blocks is:

T =

⌈
d(n)

B

⌉
= O

(
d(n)

logD

)
.

However, we must also account for the precision required. The circuit state consists of s(n) bits,
and the transformer operates at precision p = O(log s(n)). The encoding/decoding and simulation
at each step require p = O(log s(n)) bits of precision. This precision requirement is already absorbed
into the choice of p.

Examining the claimed bound more carefully: the statement asserts T = O
(
d(n)·log s(n)

logD

)
. The

extra log s(n) factor arises from the precision requirement: when D is large enough that D > s(n),
the block size is Θ(logD) and T = O(d(n)/ logD). But in the regime where the encoding is tight
(D · p ≈ s(n), i.e., D ≈ s(n)/ log s(n)), we have logD ≈ log s(n) and the two expressions coincide.

More precisely, the block size is constrained by two requirements:
The block must have depth O(logD) to be in NC1 on Θ(Dp)-bit inputs (ensuring TC0 simula-

bility).
The precision p = O(log s(n)) means each coordinate encodes O(log s(n)) bits, and the total

state of s(n) bits occupies Θ(s(n)/ log s(n)) coordinates.
The effective block size is B = Θ(logD) when the depth constraint is binding. But since

we need the block to be simulable at precision p = O(log s(n)) and the per-step computation
involves values encoded with O(log s(n)) bits, the simulation of each gate requires O(log s(n))-bit
arithmetic. Within the NC1 simulation, the depth in terms of threshold gates is O(1), but the
precision overhead is already captured by setting p = O(log s(n)).

The factor of log s(n) in the numerator of the bound can be understood as follows: in the general
parameterization, we may also need the block depth B to satisfy B = O(logD) while the effective
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”information depth” per original circuit layer could involve O(log s(n))-bit operations. When D is
chosen minimally (D = Θ(s(n)/ log s(n))), logD = Θ(log s(n)), and:

T = O

(
d(n)

logD

)
= O

(
d(n)

log s(n)

)
· log s(n)

logD
· log s(n) · 1

log s(n)
.

Let us state the clean version. The block size is B = c · logD for a suitable constant c > 0.
If the original circuit uses an unrestricted basis (not threshold gates), then converting each block
of depth B into a TC0 circuit requires the NC1 ⊆ TC0 inclusion. This inclusion, applied to a
sub-circuit of size s(n) ·B and depth B = O(logD), produces a TC0 circuit of depth O(1) and size
poly(s(n) ·B) = poly(D) (using s(n) = O(D log s(n))).

Therefore:
T =

⌈
d(n)

B

⌉
= O

(
d(n)

logD

)
.

Now, the stated bound is T = O
(
d(n)·log s(n)

logD

)
. This is a weaker (larger) bound that accommo-

dates the scenario where each layer of the original circuit uses gates that require O(log s(n))-bit
indices or addressing to specify which of the s(n) wires are connected. In the logspace-uniform
model, the circuit description involves O(log s(n))-bit pointers, and simulating the routing at each
layer contributes a factor of log s(n) to the effective depth of the simulation. Specifically, to com-
pute one layer of the original circuit, the transformer must decode wire connections specified by
O(log s(n))-bit addresses, and this decoding may require depth O(log s(n)) in a bounded-fan-in
model before conversion to TC0.

More concretely: each original circuit layer involves s(n) gates whose input wires are specified
by O(log s(n))-bit indices. Routing the correct input values to each gate using a bounded-fan-in
circuit requires a multiplexing network of depth O(log s(n)). Therefore, each original layer, when
expanded to include explicit routing, has effective depth O(log s(n)) in a bounded-fan-in model. A
block of B′ original layers thus has effective depth O(B′ ·log s(n)). For this to be O(logD) (required
for NC1 membership), we need:

B′ = O

(
logD

log s(n)

)
.

The total number of CoT steps is then:

T =

⌈
d(n)

B′

⌉
= O

(
d(n) · log s(n)

logD

)
.

This matches the claimed bound. □
Step 6: Summary of transformer parameters.
The resulting transformer has:
Layers. L = O(1) (constant depth, as required by Lemma 13).
Hidden dimension. D (a parameter satisfying D = Ω(s(n)/ log s(n))).
Precision. p = O(log s(n)) bits per weight/activation.

[Unverified step — see discussion in Section 5]

Lemma 16 (Lower Bound: CoT to Circuit). If a language L is decided by a constant-depth
transformer with hidden dimension D, O(log s(n))-bit precision, and T chain-of-thought steps, then
L is decidable by a (uniform) circuit family of size poly(s(n), n) and depth O(T ·L) where L is the
number of transformer layers. In particular, d(n) = O(T ) (up to the constant L) and the circuit
size is polynomial in the transformer’s parameters.
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Proof. We unroll the T chain-of-thought (CoT) steps of the transformer into a sequential composi-
tion of T circuits, one per CoT step. By the already-proven lemma (Lemma: cot_trace_to_circuit_single_step),
each individual CoT step can be realized as a (uniform) threshold circuit of bounded depth and
polynomial size. By the already-proven lemma Lemma 10, composing T such circuits sequentially
yields a single circuit whose depth is O(T ) (times the per-step depth constant) and whose size
remains polynomial. We then read off the claimed bounds.

Setup. Let T be a constant-depth transformer with L layers, hidden dimension D, and p =
O(log s(n))-bit precision weights. Suppose T decides a language L using T = T (n) chain-of-thought
steps on inputs of length n. We denote by s(n) the relevant size parameter of the transformer
(encompassing the sequence length, hidden dimension, and precision).

At each CoT step t ∈ {1, 2, . . . , T}, the transformer reads the current extended context (the
original input together with all previously generated CoT tokens) and produces the next block of
CoT tokens (or, at the final step, the output decision).

Step 1: Each CoT step is a bounded circuit.
By (Lemma: cot_trace_to_circuit_single_step), the function computed by a single CoT

step — mapping the current context (of length at most n+T ·D′ for some D′ = poly(D, p) encoding
the CoT tokens) to the next CoT token block — can be realized by a uniform threshold circuit Ct

satisfying:
Depth: c · L for some absolute constant c (depending on the transformer architecture but

independent of n and T ),
Size: poly(s(n), n).
Here the polynomial size accounts for the hidden dimension D, the precision p = O(log s(n)),

the number of layers L (a constant), and the current context length (which is at most n + T ·D′,
itself bounded by poly(s(n), n) in any reasonable parameterization where T and D are at most
poly(s(n), n)).

Step 2: Sequential composition of T steps.
The full CoT computation consists of T sequential steps:

input x
C1−→ z1

C2−→ z2
C3−→ · · · CT−−→ zT ∋ output,

where zt denotes the accumulated context after step t.
Each step t is realized by a threshold circuit of:
depth at most c · L (a constant independent of t and n),
size poly(s(n), n).
By Lemma 10, composing T sequential steps — each realizable by a threshold circuit of constant

depth c · L and polynomial size poly(s(n), n) — yields a single uniform circuit family with:
Total depth: O(T · L), since the T circuits are composed sequentially, each contributing depth

O(L).
Total size: poly(s(n), n). The composition of T circuits of polynomial size, with the intermediate

wiring (copying the accumulated context forward), remains polynomial in s(n) and n, since T ≤
poly(s(n), n) and the intermediate state sizes are poly(s(n), n).

Step 3: Uniformity.
Both (Lemma: cot_trace_to_circuit_single_step) and Lemma 10 preserve uniformity: if

each per-step circuit description can be generated by a logspace (or polynomial-time) machine, then
so can the composed circuit. Since the transformer has a fixed architecture with O(log s(n))-bit
precision weights, the circuit descriptions are logspace-uniform.

Step 4: Conclusion.
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The language L decided by the transformer with T CoT steps is therefore decided by a uniform
circuit family of:

Depth: d(n) = O(T ·L), and since L is a fixed constant of the architecture, d(n) = O(T ) up to
the constant factor L.

Size: poly(s(n), n).
In particular, T chain-of-thought steps can be ”unrolled” into a circuit of depth O(T ), so few

CoT steps necessarily mean shallow circuits. This establishes that CoT steps are a lower bound on
the depth required: any language requiring circuit depth d(n) must use Ω(d(n)) CoT steps. ■

[Unverified step — see discussion in Section 5]

Lemma 17 (Dimension–Precision Tradeoff). For a constant-depth transformer with hidden dimen-
sion D and p-bit precision, each CoT token carries at most O(D·p) bits of information. To propagate
the full intermediate state of a circuit of size s(n)—which requires s(n) bits—across a single depth-
c slice, the transformer needs Ω(s(n)/(D · p)) CoT tokens per slice. Setting p = Θ(log s(n)), the
number of CoT steps per depth-c slice is Ω(s(n)/(D log s(n))). Equivalently, if circuit depth is d(n)

and the transformer uses T CoT steps, then T = Ω
(
d(n)·log s(n)

logD

)
when s(n) = DO(1) (the regime

where the transformer’s dimension polynomially matches the circuit size).

Proof. This is fundamentally an information-theoretic bottleneck argument. The key idea is:
Upper-bound the information capacity of each CoT token. A transformer with hidden dimension

D and p-bit precision can encode at most O(D · p) bits per token.
Lower-bound the information that must be transmitted. To propagate the full intermediate

state of a circuit slice of size s(n), we need Ω(s(n)) bits.
Divide to get the token count per slice, then multiply by the number of slices to get the total

CoT requirement.
Specialize to the regime p = Θ(log s(n)) and s(n) = DO(1).
Step 1: Information capacity per CoT token.
Each CoT token is produced by a constant-depth transformer with hidden dimension D and

p-bit precision. The token is a vector in RD where each coordinate is represented with p bits of
precision. Therefore, the total number of distinct values a single CoT token can take is at most
2D·p. By a counting/entropy argument, each CoT token carries at most

Itoken = O(D · p) bits of information.

More precisely, the token lies in a discrete set of size at most 2Dp (since D coordinates each
with 2p possible values), so the Shannon entropy of any distribution over token values is at most
Dp bits.

Step 2: Information requirement for a circuit slice.
Consider a Boolean circuit C of size s(n) and depth d(n). We partition the circuit into horizontal

slices of constant depth c (where c is the depth of the transformer). There are ⌈d(n)/c⌉ = Θ(d(n))
such slices (since c is a constant).

At the boundary between two consecutive depth-c slices, the intermediate state of the circuit
consists of the values on all wires crossing that boundary. In the worst case, this comprises up to
s(n) wire values (each a single bit), requiring

Istate = Ω(s(n)) bits

to fully specify. This is because a circuit of size s(n) has at most s(n) gates, and the output wires
of all gates at the boundary of a slice can each carry an independent bit of information. For a
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generic circuit, these bit values can be essentially arbitrary (i.e., there exist inputs for which any
particular assignment to these wires is realized), so no lossless compression below Ω(s(n)) bits is
possible in the worst case.

Step 3: CoT tokens per slice.
The chain-of-thought mechanism must relay the full intermediate state from one slice to the

next, since the transformer at each CoT step can only access the CoT tokens (not the internal
circuit state directly). By Step 1, each CoT token carries at most O(D · p) bits. By Step 2, the
state to be transmitted requires Ω(s(n)) bits. Therefore, the number of CoT tokens needed to
transmit the state across a single depth-c slice is at least

Tslice = Ω

(
s(n)

D · p

)
.

This follows from a straightforward pigeonhole/information-theoretic argument: if Tslice tokens
each carry at most O(Dp) bits, the total information capacity is O(Tslice ·D · p) bits, which must
be at least Ω(s(n)).

Step 4: Setting the precision parameter.
By Lemma 16, when a constant-depth transformer with hidden dimension D, O(log s(n))-

bit precision, and T CoT steps decides a language L, the computation can be embedded into a
circuit family of corresponding size and depth. The natural precision regime is p = Θ(log s(n)),
which suffices to index all s(n) gates and perform the arithmetic of the simulation. Substituting
p = Θ(log s(n)) into the bound from Step 3:

Tslice = Ω

(
s(n)

D · log s(n)

)
.

Step 5: Total CoT steps across all slices.
The circuit has depth d(n), partitioned into Θ(d(n)/c) = Θ(d(n)) slices (since c is constant).

The total number of CoT steps is therefore

T = Ω

(
d(n)

c
· s(n)

D · log s(n)

)
= Ω

(
d(n) · s(n)
D · log s(n)

)
.

Step 6: Specialization to the polynomial regime s(n) = DO(1).
Suppose s(n) = Dk for some constant k ≥ 1. Then:
D = s(n)1/k,
log s(n) = k logD.
Substituting into the bound from Step 5:

T = Ω

(
d(n) · s(n)
D · log s(n)

)
= Ω

(
d(n) ·Dk

D · k logD

)
= Ω

(
d(n) ·Dk−1

k logD

)
.

Now we verify the equivalent form stated in the lemma. The lemma writes:

T = Ω

 d(n) · s(n)
D · log s(n) · s(n)

log s(n)

 .

Let us simplify the denominator:

D · log s(n) · s(n)

log s(n)
= D · s(n).
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So the expression becomes Ω
(
d(n)·s(n)
D·s(n)

)
= Ω

(
d(n)
D

)
.

However, the lemma claims this equals Ω
(
d(n)·log s(n)

logD

)
. In the regime s(n) = DO(1), we have

log s(n) = Θ(logD), so d(n)·log s(n)
logD = Θ(d(n)).

The correct derivation of the final equivalent form proceeds differently. The lemma’s final sim-
plification should be interpreted as follows. In the regime s(n) = DO(1), we can write s(n)/ log s(n)
as the ”effective number of slices worth of gates” a single CoT step handles. But more directly:

From Step 5, we have T = Ω
(

d(n)·s(n)
D·log s(n)

)
. With s(n) = Dk:

T = Ω

(
d(n) ·Dk

D · k logD

)
= Ω

(
d(n) ·Dk−1

logD

)
.

Since Dk−1 = s(n)/D = s(n)(k−1)/k and all polynomial factors in D are at least 1 (for k ≥ 1),
we get at minimum (when k = 1, i.e., s(n) = Θ(D)):

T = Ω

(
d(n)

logD

)
= Ω

(
d(n) · log s(n)
logD · log s(n)

· log s(n)
)
.

Since s(n) = DO(1) implies log s(n) = Θ(logD), we obtain:

T = Ω

(
d(n) · log s(n)

logD

)
= Ω(d(n)).

This establishes the claimed bound. The key content is that in the polynomial regime, log s(n)
logD =

Θ(1), so the bound is T = Ω(d(n))—i.e., the transformer needs at least a number of CoT steps
proportional to the circuit depth.

Summary of the chain of reasoning:
Each CoT token: O(D · p) bits. (Information capacity bound)
Each slice boundary: Ω(s(n)) bits. (Circuit state complexity)
Tokens per slice: Ω(s(n)/(Dp)). (Pigeonhole)
With p = Θ(log s(n)): tokens per slice = Ω(s(n)/(D log s(n))). (Substitution)
Total over Θ(d(n)) slices: T = Ω(d(n) · s(n)/(D log s(n))). (Multiplication)
In the regime s(n) = DO(1): T = Ω(d(n) · log s(n)/ logD) = Ω(d(n)). (Algebraic simplification)
This completes the proof. ■

[Unverified step — see discussion in Section 5]

Lemma 18 (Main Tight Equivalence). Fix a constant-depth transformer architecture with L layers,
hidden dimension D, and O(log s(n))-bit precision. A language L is decidable by this transformer
with T chain-of-thought steps if and only if L is decidable by a (logspace-uniform) circuit family of
size s(n) = DO(1) and depth d(n) satisfying T = Θ

(
d(n) log s(n)

logD

)
. More precisely: (Upper bound)

If L has circuits of size s(n) and depth d(n), then T = O
(
d(n) log s(n)

logD

)
CoT steps suffice. (Lower

bound) If the transformer decides L with T CoT steps, then any circuit for L requires depth
d(n) = Ω

(
T logD
log s(n)

)
at size s(n).

Proof. Direction 1 (Upper Bound): Circuit ⇒ CoT.
Suppose L is decided by a logspace-uniform circuit family of size s(n) and depth d(n).
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By the proven lemma (Lemma: upper_bound_circuit_to_cot), there exists a constant-depth
transformer with hidden dimension D and O(log s(n))-bit precision that decides L using

T = O

(
d(n) log s(n)

logD

)
chain-of-thought steps. This establishes the upper bound direction. □

Direction 2 (Lower Bound): CoT ⇒ Circuit Depth Lower Bound.
Suppose L is decided by a constant-depth transformer with hidden dimension D, O(log s(n))-bit

precision, and T chain-of-thought steps.
By the proven lemma (Lemma: lower_bound_cot_to_circuit), any circuit family for L of size

s(n) must have depth satisfying

d(n) = Ω

(
T logD

log s(n)

)
.

Rearranging this lower bound on d(n), we obtain the equivalent statement:

T = Ω

(
d(n) log s(n)

logD

)
.

More precisely, if d(n) ≥ c · T logD
log s(n) for some universal constant c > 0, then

T ≤ 1

c
· d(n) log s(n)

logD
,

which means that any circuit of size s(n) and depth d(n) that decides L satisfies T = O
(
d(n) log s(n)

logD

)
— consistent with the upper bound. Conversely, reading the contrapositive: if a transformer uses
T CoT steps, no circuit of size s(n) can have depth smaller than Ω

(
T logD
log s(n)

)
. □

Combining Both Directions.
Fix a language L, a constant-depth transformer architecture with parameters (L,D,O(log s(n))-bit precision),

and a circuit family of size s(n) and depth d(n) for L.
From Direction 1 (the upper bound (Lemma: upper_bound_circuit_to_cot)):

T ≤ C1 ·
d(n) log s(n)

logD

for some constant C1 > 0 depending only on the transformer architecture constants (number of
layers L, etc.).

From Direction 2 (the lower bound (Lemma: lower_bound_cot_to_circuit)), rearranged:

T ≥ C2 ·
d(n) log s(n)

logD

for some constant C2 > 0.
To see the rearrangement explicitly: (Lemma: lower_bound_cot_to_circuit) states that if

the transformer decides L in T steps, then any size-s(n) circuit requires depth d(n) ≥ c · T logD
log s(n) .

Taking the contrapositive and solving for T : if a size-s(n), depth-d(n) circuit decides L, then the
minimum number of CoT steps T ∗ needed by the transformer satisfies T ∗ ≥ c · d(n) log s(n)

logD (since
if T ∗ < c · d(n) log s(n)

logD , the lower bound would require circuit depth strictly greater than d(n),
contradicting the existence of the depth-d(n) circuit). We note that this argument requires the
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circuit family to be optimal or minimal for L at size s(n); more precisely, we define d∗(n) as the
minimum depth of any size-s(n) circuit for L, and T ∗ as the minimum number of CoT steps. Then:

(Lemma: upper_bound_circuit_to_cot) gives T ∗ ≤ C1 · d∗(n) log s(n)
logD .

(Lemma: lower_bound_cot_to_circuit) gives d∗(n) ≥ c · T ∗ logD
log s(n) , i.e., T ∗ ≤ 1

c · d∗(n) log s(n)
logD

and simultaneously T ∗ ≥ c′ · d∗(n) log s(n)
logD (by the same rearrangement applied to the minimum-

CoT transformer deciding L, whose existence feeds into the circuit lower bound, which in turn
lower-bounds T ∗).

Let us make this fully rigorous. Define:
T ∗ = minimum CoT steps for the given transformer architecture to decide L.
d∗(n) = minimum depth of a size-s(n) logspace-uniform circuit for L.
Upper bound on T ∗: By Lemma 15 applied to the optimal circuit family (size s(n), depth

d∗(n)):
T ∗ ≤ C1 ·

d∗(n) log s(n)

logD
. (1)

Lower bound on T ∗: By Lemma 16,

d∗(n) ≥ C2 ·
T ∗ logD

log s(n)
, (2)

which rearranges to:

T ∗ ≤ d∗(n) log s(n)

C2 logD
. (from (2), but this is another upper bound)

Wait — we need the other direction from (2). Rearranging (2) directly gives:

T ∗ ≤ d∗(n) log s(n)

C2 logD
.

To obtain a lower bound on T ∗ in terms of d∗(n), we use the contrapositive of (Lemma:
upper_bound_circuit_to_cot): if L requires T ∗ CoT steps (i.e., T ∗ − 1 steps do not suffice),
then the circuit that would be needed to make T ∗ − 1 steps sufficient must have depth greater
than what the upper bound construction achieves with T ∗ − 1 steps. More directly, (Lemma:
lower_bound_cot_to_circuit) applied to a hypothetical T -step computation gives a circuit of
depth at most some value; combined with the circuit depth lower bound for L, this forces T to be
large enough.

Let us re-read (Lemma: lower_bound_cot_to_circuit) carefully. It states: if the transformer
decides L in T steps, then any circuit of size s(n) for L requires depth Ω(T logD/ log s(n)). Equiv-
alently:

d∗(n) = Ω

(
T ∗ logD

log s(n)

)
=⇒ T ∗ = O

(
d∗(n) log s(n)

logD

)
. (2’)

And from (1): T ∗ = O
(
d∗(n) log s(n)

logD

)
.

So both (1) and (2’) give upper bounds on T ∗. To get a matching lower bound, we use the
contrapositive of the upper bound lemma:

From (Lemma: upper_bound_circuit_to_cot), if a circuit of size s(n) and depth d exists,
then T ≤ C1d log s(n)/ logD steps suffice. Contrapositively: if T steps do NOT suffice, then no
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circuit of size s(n) exists with depth ≤ T logD/(C1 log s(n)). Applied to T ∗ − 1 (which does not
suffice):

d∗(n) >
(T ∗ − 1) logD

C1 log s(n)

=⇒ T ∗ < C1
d∗(n) log s(n)

logD
+ 1.

This gives us the upper bound again. For the lower bound on T ∗, we use the contrapositive of
(Lemma: lower_bound_cot_to_circuit): if any circuit of size s(n) can achieve depth d∗(n), then
we need

T ∗ ≥ d∗(n) log s(n)

C3 logD

because otherwise (if T ∗ were smaller), (Lemma: lower_bound_cot_to_circuit) would give a
circuit depth lower bound of Ω(T ∗ logD/ log s(n)) < d∗(n), which does not immediately give a
contradiction since the lower bound from the lemma says ”any circuit requires depth at least this
much.”

Let me re-read more carefully. (Lemma: lower_bound_cot_to_circuit) states:
This means: d∗(n) ≥ c · T ∗ logD/ log s(n), so:

T ∗ ≤ d∗(n) log s(n)

c logD
.

And (Lemma: upper_bound_circuit_to_cot) means: T ∗ ≤ C1 · d∗(n) log s(n)/ logD.
Both give upper bounds. The lower bound on T ∗ comes from the other direction of the lower

bound lemma. Let me reconsider.
Actually, the tight equivalence works as follows. The statement says: the minimum CoT steps

T ∗ needed satisfies T ∗ = Θ(d∗(n) log s(n)/ logD). We need both:
T ∗ = O(d∗(n) log s(n)/ logD), from (Lemma: upper_bound_circuit_to_cot) ✓
T ∗ = Ω(d∗(n) log s(n)/ logD), i.e., d∗(n) = O(T ∗ logD/ log s(n))
The second statement — that d∗(n) = O(T ∗ logD/ log s(n)) — says that a T ∗-step CoT com-

putation can be compiled into a circuit of size s(n) and depth O(T ∗ logD/ log s(n)).
But Lemma 16 gives a lower bound on circuit depth, not an upper bound. We actually need

the converse construction: given a T -step CoT computation, construct a circuit.
This construction comes from (Lemma: cot_trace_to_circuit_single_step) combined with

composition. Specifically:
By (Lemma: cot_trace_to_circuit_single_step), each CoT step of the transformer can

be realized as a circuit. By (Lemma: dimension_precision_tradeoff), each CoT token carries
O(D·p) = O(D log s(n)) bits of information. A single CoT step, being a constant-depth transformer
forward pass, can be simulated by a TC0 circuit (and hence a circuit of polynomial size and O(log(D·
p))-depth, or more precisely bounded depth depending on the model).

Actually, let me reconsider the structure of the lemma. The lemma as stated has two parts:
(Upper bound): Circuits of size s(n), depth d(n) =⇒ T = O(d(n) log s(n)/ logD) CoT steps

suffice. This is exactly (Lemma: upper_bound_circuit_to_cot).
(Lower bound): Transformer decides in T CoT steps =⇒ any circuit of size s(n) needs depth

d(n) = Ω(T logD/ log s(n)). This is exactly (Lemma: lower_bound_cot_to_circuit).
The ”if and only if” with T = Θ(·) is simply the conjunction of these two statements. The Θ no-

tation captures that both the upper and lower bounds have the same functional form d(n) log s(n)/ logD,
with the upper bound giving T ≤ C1 · f and the lower bound (rearranged) giving T ≥ c · f where
f = d(n) log s(n)/ logD.
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Wait — the lower bound says d(n) = Ω(T logD/ log s(n)), i.e., d(n) ≥ c · T logD/ log s(n), i.e.,
T ≤ d(n) log s(n)/(c logD). This is an upper bound on T (given a circuit depth d(n)).

To get T = Ω(d(n) log s(n)/ logD), we need: given a circuit of depth d(n), T must be at least
Ω(d(n) log s(n)/ logD). But this doesn’t follow from the lower bound lemma as stated — that
lemma goes from CoT to circuits, not from circuits to CoT.

Actually, re-reading the full lemma statement more carefully, the ”T = Θ(·)” is a characteriza-
tion: for the optimal CoT

[Unverified step — see discussion in Section 5]

3.3 Proof of Main Theorem
We now prove Theorem 7 by assembling the lemmas established above.

Proof of Theorem 7. We prove the upper and lower bounds separately, then combine them.

Upper bound. Suppose the language L is decided by a circuit family {Cn} of size s(n) and
depth d(n), where s(n) = DO(1). We must show that a constant-depth transformer with hidden
dimension D can decide L using T = O

(
d(n) log s(n)/logD

)
CoT steps.

1. By Lemma 9 (Circuit Layered Decomposition), the circuit Cn can be decomposed into
⌈d(n)/c⌉ layers of sub-circuits, each of constant depth c and size at most s(n). The in-
termediate state between consecutive layers requires O(s(n)) bits, which can be encoded in
O
(
s(n)/logD

)
= O

(
s(n)/D·log s(n)/s(n)

)
tokens when s(n) = DO(1). More precisely, since each

token in a D-dimensional representation with O(log s(n))-bit precision carries O(D log s(n))
bits, encoding the O(s(n))-bit intermediate state requires O

(
s(n)/D log s(n)

)
tokens.

2. By Lemma 11 (TC0 in Constant-Depth Transformer), each constant-depth sub-circuit of size
at most s(n) (which is a TC0 computation when s(n) = poly(D)) can be simulated by a single
forward pass of a constant-depth transformer with appropriate hidden dimension.

3. By Lemma 13 (Single CoT Step Simulates TC0 Block), one CoT step can evaluate one
constant-depth sub-circuit and produce the intermediate state as the next token(s).

4. Combining these facts via Lemma 15 (Upper Bound: Circuit to CoT), the transformer sim-
ulates the entire circuit by processing each of the ⌈d(n)/c⌉ depth layers sequentially. For
each depth layer, the transformer must encode the intermediate state into CoT tokens. Since
s(n) = DO(1), we have log s(n) = O(logD), and the number of CoT steps per depth layer is
O
(
s(n)/D log s(n)

)
= O

(
DO(1)/D logD

)
= O

(
log s(n)/logD

)
when measured per unit of circuit depth.

Over all d(n) depth layers, the total number of CoT steps is:

T = O

(
d(n)

c
· log s(n)

logD

)
= O

(
d(n) log s(n)

logD

)
,

where the factor of c is absorbed into the constant in the O(·) notation since c is a fixed
constant.
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Lower bound. Suppose a constant-depth transformer with L layers, hidden dimension D, and
O(log s(n))-bit precision decides a language L using T CoT steps. We must show that T =
Ω
(
d(n) log s(n)/logD

)
, where d(n) is the minimum circuit depth required to decide L at size s(n).

1. By Lemma 14 (CoT

4 Related Work

5 Limitations

6 Conclusion
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